Decay rates of quarkonia are studied within the framework of NRQCD formalism. The basic parameters of the formalism have been obtained from different potential schemes studied for the spectra of quarkonia. We estimate the heavy quarkonia mass spectra, radiative and leptonic widths and compare them with other contemporary theoretical approaches and experimental results.
Introduction
The spectroscopy and decay rates of quarkonia are quite important to study due to huge amount of high precession data acquired using number of experimental facilities at BES at the Beijing Electron Positron Collider (BEPC), E835 at Fermilab and CLEO at the Cornell Electron Storage Ring (CESR), the B-meson factories, BaBar at PEP-II, Belle at KEKB, the CDF and D0 experiments at Fermilab, the Selex experiment at Fermilab, ZEUS and H1 at DESY, PHENIX and STAR at RHIC, and NA60 at CERN [1] . New states and production mechanisms, new decays and transitions have been identified and even larger data samples are expected to come from the BES-III upgraded experiment, while the B factories and the Fermilab Tevatron will continue to supply valuable data for few years [1] . New facilities like the LHC experiments at CERN, Panda at GSI etc. will offer greater challenges and opportunities in this field [1, 2, 3] .
The mesonic states are not only identified with their masses but also with their various decay rates. So, one of the tests for the success of any theoretical model for mesons is the correct prediction of their decay rates. Many phenomenological models predict the masses correctly but overestimate the decay rates [4, 5, 6, 7, 8, 9, 10, 11] . For better estimates of their decay rates with reference to the experimental values, various corrections due to radiative processes, higher order QCD contributions etc have been suggested [12] .
In this context, the NRQCD formalism is found to provide systematic treatment of the perturbative and non-perturbative components of QCD at the hadronic scale [13, 14, 15] . For the present study, we employ phenomenological potential schemes for the bound states of heavy quarkonia and the resulting parameters and wave functions to study the decay properties. For example, we include here the extended relativistic harmonic confinement scheme [16, 17] employed for computation of quarkonia masses and decay rates along with other potential approaches such as coulomb plus power potential (CPP ν ) with different choices of the power index ν etc [9] to study the meson properties.
Potential model approaches for quarkonia spectroscopy
In this section, we review important features of the models such as ERHM and coulomb plus power potential (CPP ν ) employed in the spectroscopic study of heavy flavour hadrons. We extract the spectroscopic parameters of the models such as the model parameters that reproduces the quarkonium spectra, the wave function at the zero separation etc.
Extended harmonic confinement model for hadron spectroscopy
Choice of scalar plus vector potential for the quark confinement has been successful in the predictions of the low lying hadronic properties in the relativistic schemes for the quark confinement [18, 19, 20] . In relativistic harmonic confinement model (RHM), coloured quarks in a hadron are confined through the action of a Lorentz scalar plus a vector harmonic oscillator potential. It also leads to an alternate scheme for the understanding of nucleon-nucleon interactions from a more fundamental level [21] . The RHM has been extended to accommodate multiquark states from lighter to heavier flavour sectors with unequal quark masses [16, 17] .
The mass of a hadron having p number of quarks in this extended RHM (ERHM) is expressed as [16, 17] ,
where the first sum is the total confined energies of the constituting quarks of the hadron, the second sum corresponds to the residual colour coulomb interaction energy between the confined quarks and the third sum is due to spin dependent terms.
The intrinsic energies of the quarks using harmonic potential is given by
The coulombic part of the energy is computed using the residual coulomb potential given by [22] ,
here ω n represents the colour dielectric "coefficient" [22] which is found to be state dependent [17] , so as to get consistent coulombic contribution to the excited states of the hadrons. Such state dependence in the effective α s for the excited states of quarkonia has been reported by others [23] . It is a measure of the confinement strength through the non-perturbative contributions to the confinement scale at the respective threshold energy of the quark-antiquark excitations.
The wave functions for quarkonia are constructed here by retaining the nature of single particle wave function but with a two particle size parameter Ω N (q i q j ) instead of Ω N (q) [16] and the coulomb energy is computed perturbatively using the confinement basis with the two particle size parameter [17] .
From the centre of weight masses, the pseudoscalar and vector mesonic masses are computed by incorporating the residual two body chromomagnetic interaction through the spin-dependent term of the COGEP perturbatively as,
where |N J is the given hadronic state. For mesons |N J becomes the |q iqj states. We consider the two body spin-hyperfine interaction and the spin-orbit interaction of the residual (effective) confined one gluon exchange potential (COGEP) given by [24] ,
and (5) and (6) are derivatives of the confined gluon propagators of CCM [24] and N i/j are the RHM normalisation constants given by,
Where, C CCM corresponds to the confinement strength of the gluons and r ij is the interquark distance. The computed masses for charmonia and bottomonia based on this ERHM model are given in comparison with experimental and other theoretical model results in Tables 1 and 2 respectively. The resultant spectroscopic masses and their radial wave functions of the quarkonia states will be employed for the study of their decay rates.
Coulomb plus power potential in variational approach
The heavy-heavy bound state systems such as cc, bb, may also be described by a nonrelativistic Hamiltonian given by [8, 9, 10 ] 
mQ+mQ , m Q and mQ are the mass parameters, p is the relative momentum of each quark and V (r) is the quark antiquark potential given by [8] V
Here, we use the Coulomb plus power potential where the power index ν varies from 0.5 to 2. Each value of ν corresponds to different potential scheme. Under the variation approach one requires a trial wave function to compute the expectation value of the Hamiltonian. In our previous work [8, 9] , we have used the harmonic oscillator wave function for the study of the ground state masses, decay constants and decay rates. The value of the wave function at origin is very crucial parameter for estimation of decay constant and decay rates. But it is found that the radial wave function at r=0 are underestimated with the gaussian trial wave function. We also came across problem of overestimation with the Gaussian like wave function (HO basis)
in the predictions of the orbital excited states. This suggests us to look for an alternate trial wave function for the present study.
Accordingly, we employ hydrogenic trial wave function given by
for the variational calculations in the present study. Here, µ is the variational parameter and L 2l+1 n−l−1 (µr) is Laguerre polynomial. The Potential parameter, A for each choices of ν is fixed to yield the ground state mass of the meson.
The expectation value of the Hamiltonian for the ground state is obtained as
The wave function parameter µ is determined here by using virial therom for a chosen value of ν. Thus, we obtain the spin average mass (M SA ) of the system from Eqn (11). In our earlier study of quarkonium we have employed the gaussian trail wave function for the mass spectra, decay constant and decay rates, but the predictions of the decay constant and decay rates were underestimated significantly [8, 9] . For the same region in the present study we are using hydogenic like wave function. Unlike the earlier case of ERHM, here we consider the one gluon exchange for the spin-spin and spin-orbit interactions given by [11] V SQ·SQ (r) = 8 9
and
The value of the radial wave function R(0) for 0 − + and 1 −− states would be different due to their spin dependent hyperfine interaction. The spin hyperfine interactions of the heavy flavour mesons are small and this can cause very little shift in the value of the wave function at the origin. Many models do not consider this contribution to the value of R(0). However, we account this correction to the value of R(0) by considering
Where ( Table 3 for ν = 0.5, 1.0, 1.5 and 2.0. Similar parameters of other potential models are also listed. These data will be used to compute the decay rates.
Decay rates of cc and bb mesons in NRQCD formalism
The decay rates of the heavy quarkonium states, light hadrons, photons or pairs of leptons are among the earliest applications of perturbative QCD [25, 26, 27] . The decay rates of the mesons are factorized into a short-distance part that is related to the annihilation rate of the heavy quark and antiquark and a longdistance part containing all nonperturbative effects of the QCD. The short-distance factor calculated in terms of the running coupling constant α(M ) of QCD is evaluated at the scale of the heavy-quark mass M , while the long-distance factor is expressed in terms of the meson's nonrelativistic wave function, or its derivatives, evaluated at origin. The di-gamma decay of 1 S 0 state and the leptonic decay of 1 −− state using the conventional Van-Royen Weisskopf formula [28] Γ 0 = 12α
and as well as using the NRQCD formalism have been computed. The NRQCD factorization expressions for the decay rates are given by [13] Γ(
Γ(
The matrix elements that contributes to the decay rates of the S wave states into η c → γγ and ψ → e + e − through next-to-leading order in v 2 , the vacuum-saturation approximation gives [13] 1 S 0 |O(
The Vacuum saturation allows the matrix elements of some four fermion operators to be expressed in terms of the regularized wave-function parameters given by [13] 1 S 0 |O(
The factorization formula for electromagnetic annihilation, the decay rates for η c → γγ and ψ → e + e − are Γ(
The short distance coefficients f's and g's computed in the order of α 2 as [13] Imf γγ (
Where
The decay rates are computed using conventional Van 
Summary and Conclusion
We have presented the decay rates of the charmonia and bottomonia systems using spectroscopic parameters obtained from different potential models within the NRQCD formalism. As the non-perturbative aspect of the interaction has already been taken into account in the confinement schemes of quarks and gluons, the Though the predictions using conventional formula are far from the experimental results in most cases, the predictions based on NRQCD are found to be in accordance with the experimental results. The present study in the determination of the S wave masses and decay rates of cc and bb systems provide future scopes to study light hadron decays and various transition between the excited states of these mesonic systems [30] .
It can be concluded that the NRQCD formalism has most of the corrective contributions required for most of the potential models for the right predictions of the decay rates. It must also be noted that the ERHM model predictions of the decay rates are in excellent agreement with the experimental values. It may be due to the fact that its parametric description of the quarkonia through the spectroscopy is more close to reality.
In case of CPP ν , no single value for ν is found to account for all decay widths and masses correctly. The purpose of varying the potential index ν is to observe the variation of the different properties of the quarkonia with the choice of where different potential forms. From the present study it is also found that the potential index ν is not the only factor affecting estimation of masses and decay rates as the wave function at r = 0 is an important parameter. The values of the decay rates are overestimated with hydrogenic wave function while largely underestimated with gaussian trial wave function [9] . Hence, the present study indicates that the right form of the wave function lies between the hydrogenic to gaussian i.e. of the form e −µr p with 1 < p < 2.
The present study also suggests that the spectroscopic parameters perhaps are not sufficient for understanding the decay dynamics of hadrons.
